In this paper, we introduce the concept of complete-closed time scales under translational and non-translational shifts and propose new definitions of special functions arising from dynamic equations on time scales including the concepts of almost periodic functions, almost automorphic functions and Stepanov almost automorphic functions. All the functions introduced in the paper are not only effective on periodic time scales under translations but are also valid on irregular time scales like q Z , (-q) Z and N 1 2 ± , etc. MSC: 26E70; 33E30; 34N05
Introduction
Classical periodic functions, almost periodic functions and almost automorphic functions defined by shifts (see [2, 4, 6, 7, 13, 15, 21-23, 31, 32] ) and their applications to dynamic equations were studied in the literature (see [5, 8-11, 16-19, 32] ). Using time scales calculus, one can study these functions on periodic time scales under translations since periodic time scales have a very nice closedness property under translations and we find that all periodic time scales under translations have a bounded graininess function μ (see [3, 12, 14, 20, [24] [25] [26] [27] [28] [29] [30] ). However, there are many irregular time scales that have no translational closedness. For example, consider the time scale q Z := {q n : q > 1, n ∈ Z}, which arises when one considers q-difference equations. This time scale is irregular and it is not a periodic time scale under translations and its graininess function μ is unbounded. Also consider the time scales -q Z ∪ {1} = {-q n : q > 1, n ∈ Z} ∪ {1} and (-q) Z = {(-q) n : q > 1, n ∈ Z} ∪ {0}
and N 1 2 ± = {± √ n : n ∈ N}. Is it possible to consider almost periodic, almost automorphic and generalized problems on these irregular time scales?
We introduce the concept of complete-closed time scales under translational and nontranslational shifts (T-CCTSs and S-CCTSs) and propose new definitions of special functions.
In 2013, Adıvar introduced a new concept of periodic time scales and studied some periodic solutions for differential equations on irregular time scales which includes qdifference equations so one could consider periodic problem on q Z (see [1, 2] ). Motivated by the above, based on results of shift operators proposed in [1] , we introduce a concept of complete-closed time scales under shifts which is more general than the concept of periodic time scales in [1] . Then we construct almost periodic functions and almost automorphic functions and propose definitions and generalizations including Stepanov almost periodic and Stepanov almost automorphic functions, etc.
Complete-closed time scales under shifts (S-CCTSs)
Throughout the paper, we assume that δ ± are shift operators satisfying Definition 3 from [1] andD ± := {(s, t) ∈ [t 0 , ∞) T × T * : δ ± (s, t) ∈ T * }, where T * is the largest subset of the time scale T, i.e., T * = T.
Definition 2.1 ([1]) Let
T be a time scale with the shift operators δ ± associated with the initial point t 0 ∈ T * . The time scale T is said to be periodic in shifts δ ± if there exists a p ∈ (t 0 , ∞) T * such that (p, t) ∈D ∓ for all t ∈ T * . Furthermore, if
then P is called the period of the time scale T,
Now, we give an example to show that Definition 2.1 is not appropriate for certain time scales.
Example 2.1 Let a time scale be
then T * = {-q n : q > 1, n ∈ Z} ∪ {1}. Take the initial point t 0 = 1 and attach the shift opera-
We obtain δ ± (s, t) ∈ T * for any s ∈ Π -. However, by Definition 2.1, T cannot be regarded as a periodic time scale under shifts δ ± since there is no number P ∈ (1, +∞) T * satisfying (1). In fact, this time scale is the opposite number set of the time scale q Z = {q n : q > 1, n ∈ Z} ∪ {0}, and the time scale (2) also plays an important role in q-difference equations. Moreover, from (2), it is easy to observe that, for any t ∈ T * , we have -(-q)t ∈ T * but -q / ∈ [1, +∞).
For convenience, we introduce the notations. Let
For any s ∈ T * , denote
Next, we introduce a concept related with S-CCTSs.
Definition 2.2 Let T be a time scale with the shift operators δ ± associated with the initial point t 0 ∈ T * . We say the time scale T is a bi-direction S-CCTS in shifts δ ± if
Remark 2.2 Note that by using (3) and (4), the set Π in (5) can be written in the equivalent form
Next, from (5), we introduce a concept of S-CCTS attached with shift direction. For convenience, we will use the notations
Definition 2.3 Let T be a S-CCTS. Then: (i) we say S-CCTS is with positive-direction if Π + / ∈ {{t 0 }, ∅};
(ii) we say S-CCTS is with negative-direction if Π -/ ∈ {{t 0 }, ∅};
(iii) we say S-CCTS is with bi-direction if Π ± / ∈ {{t 0 }, ∅}.
Remark 2.3 From Definition 2.3, one observes that a bi-direction S-CCTS also comes with a positive-direction and a negative-direction.
Remark 2.4 In (iii) of Definition 2.3, let δ ± (p, t) = t ± p, then it follows that T is a periodic time scale with period p (see [3] 
For such a time scale, take t 0 = 1, we attach the shift operators
Hence, there exists
Hence, there exists q ∈ Π ± such that Π ± / ∈ {{1}, ∅}. From Definition 2.3, T is a
For such a time scale, for any t ∈ T * , take t 0 = 1, we attach the shift operators
Hence, there exists q 2 ∈ Π ± such that δ ± (q 2 , t) ∈ T * for all t ∈ T * , i.e., Π ± / ∈ {{1}, ∅}.
From Definition 2.3, T is a S-CCTS
We obtain Π ± = {q n : q > 1, n ∈ Z + }. Hence, there exists q ∈ Π ± such that
n, n ∈ N}, For such a time scale, for any t ∈ T * , take t 0 = 0, we attach the shift operators
We obtain
. For these two time scales, take t 0 = 1 and
It is clear that, for any
Hence, for the shift operator δ + (s, t) = st, it follows that T 1 is a positive-direction S-CCTS. For the shift operator δ -(s, t) = st, we see that T 2 is a negative-direction S-CCTS.
In the literature [30] , the authors proposed some periodic time scales attached with translation direction. In fact, they are complete-closed time scales under translations (i.e., T-CCTSs) .
Definition 2.4 ([30]) We say T is a complete-closed time scale T-CCTS if
We say Π 0 is the complete-closed translation number set of T-CCTS. Furthermore, we can describe it in detail as follows: (a) if for any p > 0, there exists a number P > p and P ∈ Π 0 , we say T is a positive-direction T-CCTS; (b) if for any q < 0, there exists a number Q < q and Q ∈ Π 0 , we say T is a negative-direction T-CCTS; (c) if ±τ ∈ Π 0 , we say T is a bi-direction T-CCTS; (d) we say T is an oriented-direction T-CCTS if T is a positive-direction T-CCTS or a negative-direction T-CCTS.
Example 2.7 Let an oriented-direction T-CCTS be
then T 1 is a positive-direction T-CCTS and T 2 is a negative-direction T-CCTS with the translation number a + b, but they have no invariance under translations in the sense of Definition 1.1 of [13] because inf T 1 = sup T 2 = 0.
Remark 2.8 We attached the translation direction to the time scales in [30] and now introduce the concept of T-CCTS. We also introduced the concepts of some special functions arising from differential and difference equations on T-CCTS including almost periodic functions and almost automorphic functions. However, these results will be invalid on some irregular time scales like (-q) Z , q Z and ±N Remark 2.9 Note that if T is a periodic time scales under translations and Π ± ⊆ T * , then the shift operators will satisfy δ ± (τ , t) = t ± τ ∈ T with the initial point t 0 = 0. Hence, if Π ± ⊆ T * , then T-CCTS is included in S-CCTS.
Related functions on S-CCTS
In this section, based on S-CCTS, we introduce the definitions of some special functions involving almost periodic functions, almost automorphic functions and their generalizations so that it is possible to study almost periodic problems, almost automorphic problems and their related general problems of dynamic equations on irregular time scales which include quantum-like time scales and more.
Almost periodic functions on S-CCTS
In this subsection, we introduce the concepts of almost periodic functions and -almost periodic functions on S-CCTS based on the shift operators δ ± of time scales. Throughout the paper, we assume that X is a Banach space and D ⊆ X is an open set. In what follows, we introduce the concepts of relatively dense sets attached with directions under S-CCTS.
Definition 3.1 On S-CCTS, the relatively dense sets attached with directions are defined as follows:
(a) Let T be a S-CCTS with the shift operator δ + associated with the initial point t 0 ∈ T * . A subset S of R is called positive-direction relatively dense under the pair
The number |L| is called the inclusion length with respect to the pair
(b) Let T be a S-CCTS with the shift operator δ -associated with the initial point t 0 ∈ T * . A subset S of R is called positive-direction relatively dense under the pair
The number |L| is called the inclusion length with respect to the pair (T * , δ ± ).
If S ⊂ R is relatively dense attached with directions according to Definition 3.1, then in case (a), we can take
To introduce the concept of almost periodic functions under S-CCTS conveniently, we introduce the following definition. Definition 3.2 Let T be a S-CCTS, and we say (T,δ,Π) is compatible,
Remark 3.2 Because of the Remark 2.5, for convenience, we always choose a suitableΠ satisfyingΠ ⊂ T * such thatδ(s, t) ∈ T, where (s, t) ∈Π × T * .
Based on Definition 3.2, we introduce the concept of almost periodic functions on S-CCTS as follows: Definition 3.3 Let T be a S-CCTS under shifts and (T,δ,Π) be compatible. A function f ∈ C(T × D, X) is called an almost periodic function with shift operators in t ∈ T uniformly for x ∈ D if the ε-shift set of f E{ε, f , S} = τ ∈Π : f δ (τ , t), x -f (t, x) < ε, for all t ∈ T * and x ∈ S is a relatively dense set with respect to the pair (Π,δ) for all ε > 0 and for each compact subset S of D; that is, for any given ε > 0 and each compact subset S of D, there exists a constant l(ε, S) > 0 such that each interval of length l(ε, S) contains a τ (ε, S) ∈ E{ε, f , S} such that (1) if T is a positive-direction S-CCTS, we say f is a positive-direction almost periodic function; (2) if T is a negative-direction S-CCTS, we say f is a negative-direction almost periodic function; (3) if T is a bi-direction S-CCTS, we say f is a bi-direction almost periodic function.
Remark 3. 4 We can easily obtain the classical almost periodic functions on R and Z from Definition 3.3 by letting T = R or T = Z, whereδ(τ , t) = δ ± (τ , t) = t ± τ . Note that Defini- (
δ(s, t) = δ -(s, t) = st, then Definition 3.3 turns into the following. A function f ∈ C(T × D, X) is called a negative almost periodic function with shift operator in t ∈ T uniformly for x ∈ D if the ε-shift set of f E{ε, f , S} = τ ∈ Π -: f (τ t, x) -f (t, x) < ε, for all t ∈ T * and x ∈ S is a relatively dense set with respect to the pair (Π -, δ -) for all ε > 0 and for each
then Definition 3.3 turns into the following. A function f ∈ C(T × D, X) is called a positive almost periodic function with shift operator in t ∈ T uniformly for
is a relatively dense set with respect to the pair (Π + , δ + ) for all ε > 0 and for each compact subset S of D.
Now, we will construct some examples of almost periodic functions on S-CCTS through periodic functions on S-CCTS.
Example 3.6 Let T = R and Π = (0, +∞), and we define the following shift operators:
Under the shifts δ ± , the function
is periodic under shifts with the period τ = P 2 , P > 1 since
Example 3.7 Based on the time scale in Example 3.6, consider the functioñ
where P 1 = P 2 , P 1 , P 2 > 1 and t ∈ T * = R\{0}. One can observe thatF(t) is almost periodic under shifts δ ± . From Example 3.6, let
, and note that f P 2 1 and f P 2 2 are periodic with different periods P 2 1 , P 2 2 , respectively (see Fig. 1 ).
We can extend Definition 3.3 to -almost periodic functions. ln(1/P 2 ) π ) with P 1 = 2,
Definition 3.4 Let T be a S-CCTS under shifts and (T,δ,Π ) be compatible, the shiftδ(τ , t)
is -differentiable in its second argument with rd-continuous bounded derivativesδ (τ , t) for all t ∈ T * . A function f ∈ C(T × D, X) is called a -almost periodic function with shift
is a relatively dense set with respect to the pair (Π,δ) for all ε > 0 and for each compact subset S of D; that is, for any given ε > 0 and each compact subset S of D, there exists a constant l(ε, S) > 0 such that each interval of length l(ε, S) contains a τ (ε, S) ∈ E{ε, f , S} such that
Now τ is called the ε-shift number of f and l(ε, S) is called the inclusion length of E{ε, f , S}.
Remark 3.8 From Definitions 3.2 and 3.4, we obtain: (1) if T is a positive-direction S-CCTS, we say f is a positive-direction -almost periodic function; (2) if T is a negative-direction S-CCTS, we say f is a negative-direction -almost periodic function; (3) if T is a bi-direction S-CCTS, we say f is a bi-direction -almost periodic function.
In what follows, we will construct some examples of -almost periodic functions on S-CCTS through -periodic functions on S-CCTS.
Example 3.9 For any a ∈ R\{0}, the real valued function f (t) = a/t defined on (
n , n ∈ Z} is -periodic under the shifts δ ± with the period τ = √ 5 since
Example 3.10 On the time scale 5 Z = {5 n , n ∈ Z}, let a, b ∈ R\{0}, a = b and
From Example 3.9, one observes that g 1 (δ ± ( √ 5, t))δ ± ( √ 5, t) = g 1 (t) and we note that
Hence,G(t) is a -almost periodic function under the shifts δ ± . Note that the periods of g 1 and g 2 are completely different. 
is a relatively dense set with respect to the pair (Π ± , δ + ) for all ε > 0 and for each compact subset S of D.
Stepanov almost periodic functions on S-CCTS
In this subsection, based on Sect. 3.1, we introduce the concept of Stepanov almost periodic functions (S p L -almost periodic function) on S-CCTS. For h > 0, denote
and denote the Hilger purely imaginary numberιω = 
, from the theory of Stepanov almost periodic functions introduced by V.V. Stepanov (see [22] ), we can introduce a class of functions S p L that are measurable and summable together with their pth power (p ≥ 1) on every finite interval [t,δ(L, t)] T * and that can be approximated in the metric of the Stepanov space by finite sums N n=1 a n e˚ι λ n t , where a n ∈ C h are Hilger complex coefficients and -
. The distance in the Stepanov space is defined by the formula
and f , g : T → R n . Now, based on the above idea, we consider a Stepanov space on time scales whose distance is defined by the following:
where f , g : T → X and X is a Banach space. From (7), we can obtain the following definition.
Remark 3.12 According to Definition 3.5, let T = { √ n : n ∈ N}, then we have L = 1 and
Now, we introduce the concept of S p L -almost periodic functions on S-CCTS.
Now τ is called the ε-shift number of f and l(ε, S) is called the inclusion length of E{ε, f , S}, where
Remark 3.13 From Definitions 3.2 and 3.6, we obtain:
Remark 3.14 Note that Definition 3.6 is a general definition of an S p L -almost periodic function on any arbitrary closed subset of R. One can obtain the classical S p L -almost periodic functions easily on R and Z from Definition 3.6 by letting T = R or T = Z, where |L| = 1, δ(τ , t) = δ ± (τ , t) = t ± τ . We emphasize that Definition 3.6 is also suitable for irregular time scales like q Z , (-q) Z and N 1 2 ± , etc. Therefore, it is new to consider S p L -almost periodic problems for dynamic equations on time scales under Definition 3.6.
< ε, for all t ∈ T * and x ∈ S is a relatively dense set with respect to the pair (Π ± , δ + ) for all ε > 0 and for each compact subset S of D, where
We can extend Definition 3.6 to -S p L -almost periodic functions.
Definition 3.7 Let T be a S-CCTS under shifts and (T,δ,Π) be compatible, the shiftδ(τ , t) is -differentiable in its second argument with rd-continuous bounded derivativesδ (τ , t)
is a relatively dense set with respect to the pair (Π,δ) for all ε > 0 and for each compact subset S of D; that is, for any given ε > 0 and each compact subset S of D, there exists a constant l(ε, S) > 0 such that each interval of length l(ε, S) contains a τ (ε, S) ∈ E{ε, f , S} such that 
Almost automorphic functions on S-CCTS
In this subsection, we introduce the concepts of almost automorphic functions andalmost automorphic functions on S-CCTS. Definition 3.8 Let T be a S-CCTS under shifts and (T,δ,Π) be compatible.
(i) Let f : T → X be a bounded continuous function. We say that f is almost automorphic if, from every sequence {s n } ⊂Π , we can extract a subsequence {τ n } ∞ n=1 such that
is well defined for each t ∈ T * . Denote by AAδ(T, X) the set of all such functions.
(ii) A continuous function f : T × X → X is said to be almost automorphic if f (t, x) is almost automorphic in t ∈ T * uniformly in x ∈ B, where B is any bounded subset of X. Denote by AAδ(T × X, X) the set of all such functions.
Remark 3.17 From Definitions 3.2 and 3.8, we obtain:
(1) if T is a positive-direction S-CCTS, we say f is a positive-direction almost automorphic function; (2) if T is a negative-direction S-CCTS, we say f is a negative-direction almost automorphic function; (3) if T is a bi-direction S-CCTS, we say f is a bi-direction almost automorphic function.
Remark 3.18 In (3) from Remark 3.17, if T is a bi-direction S-CCTS, then, by (8) , from every sequence {s n } ⊂ Π ± , we can extract a subsequence {τ n } ∞ n=1 such that
is well defined for each t ∈ T * . We can also have
is also well defined for each t ∈ T * .
In fact, if Π ± / ∈ {{t 0 }, ∅}, according to (9), we have
is well defined for each t ∈ T * , then, for each s ∈ T * , let t = δ -(τ n , s) ∈ T * (n ∈ N), we can
is also well defined for each s ∈ T * . In fact from (10), for any ε > 0, there exists N 1 > 0 such that n > N 1 implies |g(t) -f (δ + (τ N 1 , t))| < ε for each t ∈ T * . Let s = δ + (τ N 1 , t), and we obtain |g(δ -(τ N 1 , s)) -f (s)| < ε. For Π / ∈ {{t 0 }, ∅}, we have s = δ + (τ N 1 , t) : t ∈ T * , τ N 1 ∈ Π + = t : t ∈ T * , which shows that |g(δ - (τ N 1 , s) ) -f (s)| < ε for each s ∈ T * , i.e., (11) holds. are well defined for each t ∈ T * .
We can extend Definition 3.8 to -almost automorphic functions.
Definition 3.9 Let T be a S-CCTS under shifts and (T,δ,Π) be compatible.
(i) Let f : T → X be a bounded continuous function and the shiftδ(τ , t) is -differentiable with rd-continuous bounded derivativesδ (τ , t) for all t ∈ T * . We say that f is -almost automorphic under shifts if, from every sequence {s n } ⊂Π , we can extract a subsequence {τ n } ∞ n=1 such that
is well defined for each t ∈ T * . Denote by -AAδ(T, X) the set of all such functions.
(ii) A continuous function f : T × D → X is said to be -almost automorphic if f (t, x) is -almost automorphic in t ∈ T * uniformly in x ∈ D. Denote by -AAδ(T × D, X) the set of all such functions.
eral concepts of some special functions arising from dynamic equations including almost periodic functions, almost automorphic functions and their generalizations in the Stepanov sense. The concepts are suitable for irregular time scales like q Z , (-q) Z and ±N 1 2 , etc. Properties of these functions and their application to dynamic equations will be considered in future work.
